APPLICATION OF A REYNOLDS STRESS TURBULENCE . MODEL TO THE COMPRESSIBLE SHEAR LAYER

Introduction
The reduced growth rate of the high-speed, compressible shear layer relative to its low-speed counterpart has been confirmed in several experimental studies, for example, in the recent investigations of Papamoschou and Roshko', and Elliott and Samimy'. However, variable density extensions of incompressible turbulence models, without any explicit compressibility terms, have failed to predict the significant decrease in the spreading rate caused by an increase in the convective Mach number. This has led to attempts by Oh 3 , Vandromme 4 , and Dussauge and Quine s , among others, to make phenomenological modifications to incompressible turbulence models, in order to obtain successful predictions of the compressible mixing layer. Recently, Sarkar et al. 6 and Zeman 7 have recognized the importance of an additional contribution to the turbulent dissipation rate, which is generated by the non-negligible fluctuating dilatation in compressible turbulence. The additional term -the compressible dissipation -has been modeled by Sarkar et al. 6 ; this model is based on a low Mach number, asymptotic analysis of the compressible Navier-Stokes equations and is calibrated with ref-
erence to direct numerical simulations of compressible, isotropic turbulence. The present paper applies the model of the compressible dissipation to the high-speed shear layer within the framework of a second-order turbulence closure. A schematic of the shear layer is given in Fig. 1 .
The paper is organized in the following manner. In Section 2 the exact governing equations are given, and the turbulence models constituting the second-order closure are described. The numerical procedure is outlined in Section 3. The results of the calculations with the second-order closure are given in Section 4, and conclusions are presented in Section 5.
The governing equations
We obtain the equations for the mean variables by first decomposing each variable into a mean component and a fluctuating component, and then averaging the equations for the following variables: the density p, the velocity ui and the total energy E. The total energy E is defined by E =Ui'ui +C 2 where T denotes the static temperature, and C, is the specific heat at constant volume.
The Reynolds decomposition of an instantaneous variable 0 into its mean and fluctuating components is where, by definition, €" 0. The Favre decomposition of an instantaneous variable is also used in compressible turbulence, primarily because the resulting structure of the averaged inertial terms is simpler; this decomposition is given by
where € is the density-weighted Reynolds average,
P
The overbar over a variable is used to denote a conventional Reynolds average, while the overtilde is used to denote the Favre average. A single superscript ' represents fluctuations with respect to the Favre average, while a double superscript " signifies fluctuations with respect to the Reynolds average. The conventional Reynolds average of Favre fluctuations is non-zero, in particular, ' -p"$"/5. After averaging the instantaneous Navier-Stokes equations, the following mean equations are obtained:
Conservation of mass:
Conservation of momentum:
2 where the mean viscous stress tensor is given by 2 1i AU'*+*ji
Conservation of energy:
where the mean heat flux is and the turbulent energy flux, after using (1) becomes
The mean pressure is related to the mean density and temperature through T RT
In the above equations, p and r. denote the molecular -iscosity and the thermal conductivity, while R denotes the gas constant.
In order to close (2) -(4), it is necessary to provide models or modeled transport equations for the Reynolds stress tensor uVu-, turbulent heat flux T'u, pressure-velocity c.,-relation Uvelandtstress-velocntryu'!, also, a model for the turbulent n" . fluxp U/ ' is needed to convert the Favre-averaged velocity uk to its Reynolds-avera. ,d counterpart.
Since the closure is applied to high-Reynolds number turbulence, the term T"Ouj" in the energy conservation equation (4) is neglected. We note that, for situation-with constant density and zero turbulent Mach number, the models and the transport e;iuations should simplify to their incompressible counterparts. Thus advances in turbulerce modeling for incompressible flows 8 ' 9 can be carried over to "!,e compressible case. 
where the turbulent Prandtl number
The exact transport equation for uiu', is
where (8), Pj is the production, fIj is the deviatoric part of the pressure-strain correlation, Tik is the diffusive transport, and fi,* is the dissipation rate tensor. Apart from the appearance of the pressure-dilatation p"u. k and the term u, (8) is structurally similar to the incompressible Reynolds-stress transport equation.
We assume that, as a first approximation, an incompressible model will suffice for the deviatoric part of the pressure-strain correlation. The following well-tested model of Launder, Reece and Rodi t° is used for the pressure-strain correlation, Since the primary aim of the paper is to study the influence of terms that arise solely from flow compressibility, we do not use more sophisticated incompressible pressure-strain models, such as those proposed by Shih and Lumley"; Fu, Launder and Tselepidakis12; and Speziale, Sarkar and Gatski'.
The dissipation rate tensor Eij is commonly believed to be isotropic at high turbulence Reynolds numbers, leading to the model
where the turbulent dissipation rate e is given by
U/ 1 (11)
The viscous stress in a compressible fluid is
where we have neglected the bulk viscosity. As shown in Sarkar et al.', substitution of (12) into (11), followed by some algebraic manipulation, gives
where ( 
The model constant was set as al = 1 with reference to direct numerical simulations of the decay of isotropic, compressible turbulence. Zeman' has also used a similar decomposition of the turbulent dissipation rate, and after assuming that eddy shocklets occur in high-speed flows, he derives a model for the contribution of these eddy shocklets to the compressible dissipation.
In the present work, we assume that the bulk viscosity ji = 0. If the bulk viscosity IL, is non-negligible, for example in polyatomic gases, there is an additional turbulent dissipation 6 term ;yeb = T'2d" 2 which can be modeled as Eb = a 2 cMt2. If the value of p, is known, a 2 can be easily determined from a, by the relation a 2 = 3jal/4)!.
The pressure-dilatation p"d", which is not necessarily single-signed (i.e; it is neither positive semi-definite or negative semi-definite) like the compressible dissipation, is a more difficult term to model. Low Mach number asymptotic theory l ' 5 6 suggests that p"d" is negligible compared to c., and from direct simulations 6 it appears that in isotropic, moderate
Mach number turbulence p"d" is appreciably smaller than cc. In the present closure, we will neglect p"d" relative to c.
The diffusive transport Tijk is modeled by a gradient transport expression,
where C, 0.018. The quantity u2 is related to the turbulent mass flux p"u' by
and after using (6) for the mass flux, we obtain the model 
The model coefficients in (21) are
For the present problem, we need to solve (2)- (4), along with the equation of state, to obtain the mean variables: , U, V, and E. In the case of the plane shear layer, the Reynolds stress tensor has four non-zero components: u'v , u, v" and w' 2 , which are solved by the corresponding components of (8) . The equation for the solenoidal dissipation rate E, completes the set of governing equations. Thus a system of nine coupled, non-linear, partial differential equations along with an appropriate set of initial and boundary conditions must be solved. In (23), a superscript () denotes quantities in the transformed system, (xe, x,, ye, y,) represent the metrics of the transformation, and J denotes the Jacobian of the transformation. If the physical grid is given, the metrics and the Jacobian of the transformation can be easily computed.
The governing equations are integrated explicitly in time using the unsplit MacCormack predictor-corrector scheme. During a specific numerical sweep, the inviscid fluxes and the first-derivative terms in the source vector H are backward differenced in the predictor step and forward differenced in the corrector step. Second-order central differences are used for the viscous and heat flux terms. Hence the complete scheme for both the predictor and corrector steps can be expressed as follows
Predictor:
The composite numerical scheme is second-order accurate in both time and space and, being an explicit scheme, is conditionally restricted by the Courant and viscous stability limits of tlue governing equations. The solution procedure icquires no scalar or block tridiagonal inversions. The flow field is advanced from time level n to n+1 and this process is continued until the desired integration time or steady state has been reached. Since the Reynolds stress transport equations contain stiff source terms, the maximum CFL number used in the computation was limited to 0.5.
The numerical code used in this study is a two-dimensional, elliptic, Navier-Stokes solver (SPARK2D 16 ) written in a generalized body-oriented coordinate system. As such, various two-dimensional free shear flows and wall bounded flows can be handled by the numerical code. The code in its original form used a second-order spatially and temporally accurate, two-step MacCormack scheme. The latter versions of the code employ a variety of higherorder compact algorithms' 7 (4th and 6th order) and various upwind schemes. Local time stepping and residual smoothing options are also available in the code to accelerate the convergence to steady state. Both laminar reacting and non-reacting flows can be easily handled by the code. la the present research work, the capabilities of SPARK2D are further enhanced by adding a second-order Reynolds stress model as a turbulence closure.
Since the governing equations are elliptic in nature, the boundary conditions have to be specified along all four boundaries. These include inflow, outflow and outer boundaries (lower and upper boundaries) respectively. At the inflow boundary (x=0.0), profiles are specified for the velocities, static pressure, static temperature, turbulent stresses and the turbulent dissipation rate. Since wc are interested in the downstream fully-developed regime, the specific form of the inlet profiles is not crucial. 
Results
It is known that the fully-developed, high-Reynolds number shear layer spreads linearly, and that the growth rate dS/dx satisfies the relation d6 = U1 -U 2 (24) Figs. 2-6 show results for a particular set of conditions for the shear layer between two streams of air. The high-speed stream had a velocity U, = 2500 m/s while the low-speed stream had a velocity U 2 = 800 m/s. The thermodynamic quantities in the two incident streams were equal and were prescribed as T, = 800 K, p, 1 atm, and P, = 0.44 kg/m 3 .
When the ratio of specific heats -y has the same value in the two streams, the convective Mach number M, is given by',
U1 -U2
a, + a 2 v :ere a, and a 2 are the respective speeds of sound in the two layers. The case described by 
Conclusions
Initially, a second-order turbulence closure without any explicit compressibility models was 
